Quark mass effects in the soft-collinear effective theory and 



B — ► X s 7 in the endpoint region 

Junegone ChaJ] 
Department of Physics, Korea University, Seoul 136-701, Korea 

Chul Kinfl and Adam K. Leiboviclrl 

Department of Physics and Astronomy, 
University of Pittsburgh, PA 15260, U.S.A. 

(Dated: May 5, 2005) 

Abstract 

We consider the effects of a light quark mass in the soft-collinear effective theory (SCET) and we 
apply them to B — > X s ^f in the endpoint region. We find that the reparameterization invariance 
can be extended by including the collinear quark mass in the SCET Lagrangian. This symmetry 
constrains the theory with the quark mass terms, and we present explicit results at one loop. 
It also relates the Wilson coefficients of some mass operators to those of the leading operators, 
which are useful in organizing the subleading effects due to the quark mass in B — ► X s ^f. We 
present strange quark mass corrections to B — > X s j in the endpoint region as an application. The 
forward scattering amplitude from the mass corrections is factorized, and it can be expressed as 
a convolution of the m^/p^-suppressed jet function and the leading-order shape function of the 
B meson. This contribution should be added to the existing subleading contributions from the B 
meson shape functions to obtain complete subleading corrections. 
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I. INTRODUCTION 



The soft-collinear effective theory (SCET) [l|, Q, 0| has been widely used to describe 
high-energy processes which include energetic light particles. It is obtained from QCD by 
integrating out the degrees of freedom which are larger than a typical energy scale, Q. The 
effective theory contains a rich class of symmetries, and these symmetries of SCET provide us 
with new insight into factorization theorems 0, 00] arid enable us to perform a systematic 



power counting in hadronic processes p. SCET has been applied successfully to many high 



energy processes such as exclusive B decays LaiaiatLflin, 12], inclusive B decays [1 



ii nas Deenappiiec 



quarkonium production and decay [14J, deep inelastic scattering |l5j |. and jet physics 



It 



In SCET, the momentum of a light energetic particle has three distinct scales and can 
be written as 



p v = n.p—+p^ + n-p— = O(X ) + O^X 1 ) + 0{\ 2 ). (1) 
Here n and n are light-cone vectors satisfying n 2 = n 2 = 0, n ■ n = 2 and A is a small 



parameter. In many processes, A is chosen as y A/Q or A/Q, where A is a typical hadronic 



scale. The effective theory which has a small expansion parameter A ~ yA/Q is called 
SCETi and the effective theory in which physical quantities are expanded in powers of 
A ~ A/Q is called SCETn. If there are contributions at intermediate scales of order \/QA, we 
employ the two-step matching in which SCETi is obtained from the full theory by integrating 
out the hard modes of order p 2 ~ Q 2 , and SCETn is obtained by successively integrating 
out hard-collinear modes of order p 2 ~ QA . 

At leading order in SCET, the collinear quarks are regarded as massless. Because the 
mass of a light quark, m, is very small compared to the hard scale Q or the intermediate 
hard-collinear scale \/QA, t he q uark mass can be neglected at leading order in A. However, 
he light-quark mass terms HEIEHI, and in some situations the charm quark mass 



20| can be included in the framework of SCET. In Ref. |18l |. the authors first considered 
the quark mass in the SCET Lagrangian. Any operators including the light quark mass are 
formally suppressed by A/Q or more compared to the leading contribution. However if there 
are no leading terms, the quark mass can appear at leading order. 577(3) breaking effects 
can be of this type since the strange quark mass can be numerically regarded as of order A 
(it is not possible to treat isospin breaking effects in this way since the masses of the up and 
down quarks are too small to be regarded as of order A). Another remarkable point about 
the quark mass is that it can give an enhanced contribution to some hadronic processes in 
SCETn due to the different power counting schemes in SCETi and SCETn- Although they 
do not appear at leading order in SCETi, since the quark mass terms are suppressed by 
A/Q, light quark masses can give significant corrections to the matching process related to 
hard-collinear degrees of freedom. The contribution of the quark mass to the decay rate can 
be of order m 2 /(Q 2 (l — x)) ~ A/Q near the endpoint 1 — x ~ A/Q. This is one of the main 
themes to be investigated in this paper. 
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SCET can be extended to include the light quark mass, which we regard as of order 
A. We can systematically implement the quark mass in SCET and consider its renormal- 
ization behavior. We find that the reparameterization invariance 0, 0] still holds for the 
transformations of type-I and type-Ill in spite of the presence of the quark mass. But the 
transformation of type-II does not hold in its original form. However the transformation of 
type-II can be modified (or extended) to include the quark mass so that the symmetry still 
exists. This extended reparameterization invariance relates the leading operators to some 
subleading operators that include the quark mass. In practical applications, the strange 
quark mass is the only light quark mass that is relevant and we consider the quark mass 
effects in B — ► X s ^ near the endpoint as a concrete example. Naively, the mass terms give 
corrections of order m 2 /m 2 compared to the leading order contribution. But contributions 
of order m 2 /[m 2 (l — x 7 )] with x 7 = 2E 1 /m^ can arise, which are of order A/m^ near the 
endpoint region. 

In this paper we investigate the effects of the quark mass in SCET and consider the 
symmetries including a quark mass. We also consider the renormalization effects and the 
Wilson coefficients of the mass operators in SCET. We then apply these results to B — > X s ^ 
in the endpoint region and discuss the contribution of the quark mass terms. In section 
II, the SCET Lagrangian with the light quark mass is constructed. We find an extended 
reparameterization transformation under which the Lagrangian is invariant, and we divide 
the Lagrangian into two reparameterization-invariant combinations. In this procedure, we 
show that the original reparameterization invariance symmetry without a quark mass can 
be extended by modifying the transformation of the collinear quark. We describe the con- 
sequence of the extended reparameterization invariance on the renormalization behavior of 
the mass operators. In section III, the Wilson coefficients of the effective operators including 
the quark mass are obtained to first order in a s from the matching between full QCD and 
SCET. Also their renormalization behavior is presented with the effective theory quark mass 
renormalization at one loop. In section IV, the corrections due to the strange quark mass 
in B — > X s 7 near the endpoint region are considered. They can give corrections of order 
A/mfe, contrary to naive expectations. From the matching of the heavy-to-light current be- 
tween the full theory and SCETj, we obtain the subleading current operators including the 
quark mass. We then consider the time-ordered products of the currents and mass opera- 
tors contributing to the decay rate in SCET. We show that the forward scattering amplitude 
with the mass corrections factorizes, similar to the leading-order result, and the jet function 
can be expanded in powers of the quark mass. Finally the results are summarized and the 
conclusions are presented in the final section. 
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II. MASS OPERATORS AND THE REPARAMETERIZATION INVARIANCE 



In SCET, the collinear quark in the full theory is decomposed into 

= E^'Vp^) = E^(f + T)^ (x) 

= Ee""1^,pW + ^(4 (2) 

p 

where is a label momentum, and ^j-q n , P = £n,p, 4 ?n,p = £,n, P are the projected spinors. 
After integrating out the off-shell field jl^, the SCET Lagrangian with a quark mass is 
written as 

£ S CET = in, V ' n ■ iT) ^n,p + £n tP >ip± ^ ip±^n,p 

where a summation over the label momenta is implied, and the covariant derivative P M is 
given by 

i££ = 7>" + ^ ii^ = i^+^. (4) 



Let us consider first SCETi with the expansion parameter A ~ JA/Q, in which the 
ultrasoft (usoft) fields can interact with the collinear fields. The usoft momentum is of order 
A, and pj_ ~ y/QA. For a collinear strange quark, if we treat the sizes of the quark mass m 
and iD us to be of the same order 0(A 2 ), the term proportional to m in Eq. (JSJ) is of order 
O(X) and the term proportional to m? starts from 0(X 2 ). In this case, the mass terms in 
SCET are suppressed at least by order A compared to the leading Lagrangian, and the spin 
of the collinear quark is preserved at leading order in SCET. 

Integrating out the hard-collinear degrees of freedom with p 2 hc ~ QA to obtain SCET n , 
the usoft fields are decoupled from the collinear fields and the Lagrangian of the collinear 
quark sector in SCETn can be written as 

~£ r • Ttd- ^ t 27 

' y n ■ %D r 2 ' F n ■ iD r 2 



where 



ft Th 

iD* = {n-V + gn- A n , q )— + (V^ + gA^ ± ) + (n ■ V + gn ■ A n , q ) — 

= O(A ) + O(A 1 ) + C(A 2 ). (6) 
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Here the expansion parameter A is of order A/Q, and the collinear fields have momenta p 2 c ~ 
A 2 . Contrary to SCETj, the mass terms in Eq. (JSJ) belong to the leading-order Lagrangian. 
Therefore the effects of the mass terms can be important at leading order. 

Before we investigate the effects of the radiative corrections for the new operators with 
a quark mass in Eq. (|5]l. it is useful to consider the symmetries of SCET with the quark 
mass. In Refs. 0,0], it has been shown that the SCET Lagrangian without the quark mass 
has a reparameterization invariance. One of the consequences is that the kinetic energy in 
SCET is not renormalized to all orders in a s . And when we consider current operators in 
SCET, there are subleading operators which form a reparameterization-invariant combina- 
tion with the leading operators. In this case, the Wilson coefficients of these subleading 
operators are the same as those of the leading operators to all orders in a s . When the mass 
terms are included in SCET, the situation is slightly different. In this case, we can find an 
extended reparameterization transformation under which the Lagrangian is still invariant, 
and the Lagrangian consists of two independent sets of the operators which are separately 
reparameterization invariant. A similar example exists in the heavy quark effective theory 



(HQET) [22, |23|, l24j . in which the chromomagnetic operator belongs to a different repa- 
rameterization invariant combination from the kinetic term in HQET, and has a nontrivial 
Wilson coefficient. 

Let us consider the effect of the mass term on the reparameterization invariance and 
how we can extend the reparameterization symmetry with the quark mass. The Lagrangian 
before integrating out is given by 

C = Y^ e l(p '~ v) ' x (q n:P df q n>p - m q n ^q n , P ) , (7) 

where the quark field in SCET is given by q U)P = ^ n ^ p + £n tP , and the covariant derivative is 
T> M = D£ + D£ s . Here the covariant derivative T>^ is invariant under the reparameterization 
transformation since it is a four-vector, which does not change under a different basis of n 11 
and n M . Furthermore, the quantity Y.p e ~^ x Qn, P is the quark field in the full theory, which 
also does not change under the reparameterization transformation. Therefore the two terms 
in Eq. (J7J) are separately reparameterization invariant. Thus, there are two independent 
reparameterization-invariant combinations in Eq. (jSJ), ©, and ((7j) if we can still find the 
appropriate reparameterization invariance. 

In fact, there is a reparameterization invariance which can be extended to the case with 
the mass term. The original reparameterization invariance combined with the gauge in- 
variance requires that the covariant derivative T>^ not change under the transformations of 
type-I, II and III in Ref. 2l|- We can find the same types of the reparameterization trans- 
formations under which the Lagrangian with the quark mass is invariant. In this case, we 
only need to check if the quark field J2 P e~ l ^ x qn,p in the full theory remains invariant under 
these three types of the transformation. Using the equation of motion, we can write the 
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quark field in the full theory in terms of £ n>p as [3| 



n ■ iD 



m) 



in,p- 



p p 

Without the mass term, the quark field if) has the original reparameterization invariance. 



(8) 



With the mass term, if) is not invariant under all of the original reparameterization 
transformations. if) is still invariant under the reparameterization transformations of type-I 
and III, but not the transformation of type-II. In order to see this, it is enough to look at the 
term proportional to the quark mass in Eq. (JBJ) under the type-II transformation, in which 
the light-cone vector changes to + e^_ with infinitesimal e^_. The transformation yields 



m 



n-iV2 



/ 1 
m — — 

\n . ■ 'i 



2 n-iV 
1 



ft 1 £± W± 

n ■ iD 2 n n ■ iD n ■ iD 2 



n-iV 2 



1 



(9) 



n-iD 2 n-iV T 2" > ' n ■ iV 2 

which clearly shows that the mass term is not invariant under the transformation of type-II. 
However, we can find an extended transformation of the spinor under the type-II trans- 
formation such that if) remains invariant, and in the limit of the zero quark mass, the 
transformation reduces to the original transformation of type-II. 

Suppose that the spinor £ n changes as £ n — > i n + 5£ n under the transformation of type-II. 
Then if) transforms as 



1 + 



n ■ I'D 



[ip ± 



m — 

J 2- 



1 



(ip± ~ —n ■ iV - -e ± ■ W± + m) 



x 



§ + y)(£n + *£n)- 



(10) 



Requiring that it be invariant under the transformation, the solution for <5£ n is given by 



■ (ip± -m) f n , 



(11) 



2 n-iV 

which reduces to the original reparameterization transformation of type-II without the quark 
mass. If we plug this solution into Eq. (fTUj) . we obtain 



n ■ iV 2 J 



1 



n ■ iV + ip ± 



-if ± + m(ipj 



n-iV 2 
1 



m 



2 U 



0, (12) 



n-iD n • iD n • iD n-iV^ 

using the equation of motion, Eq. (jSJ). So the extended transformation of type-II on the 
spinor with the quark mass can be written as 



1 + - ^(iPx-m) in- 

2 n ■ iV K r ' ^ 



(13) 
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Therefore the reparameterization symmetries in the presence of the light quark mass in 
SCET still exist with the only modification of the spinor under the transformation of type- 
II, while the other transformations remain intact. 

As mentioned above, there are two independent reparameterization-invariant combina- 
tions in Eq. (J2J). Putting Eq. (JHJ) into Eq. (|7j). each combination can be written as 

Qn, P 'if Qn, P = ~£n, P > [n-W + ip±=^pip± ] + m 2 L jP ,=r^-£n, P 

- K-0%\ n 1 n 1 (14) 

= 0«+20g>, (15) 

where fC is the kinetic term of SCET and the mass operators C?W are suppressed by A* 
compared to K, in SCETj. Because the kinetic term in the effective theory is not renormalized 
to all orders in a s , it is also true for the reparameterization-invariant combination /C — 0$. 
But the other combination in Eq. ()15j) does not have such a constraint, and in general it can 
have a nontrivial Wilson coefficient at higher orders. Putting these together, to all orders 
in a s , the SCET Lagrangian can be written as 

£scet = K- 0$ + C(ti)(OW + 20<?) 

= k + cMogt + (-1 + 2cv))aL 2) . (i6) 



The Wilson coefficient C(fi) can be obtained from matching the full QCD Lagrangian 
onto SCET by treating the mass term as a perturbation. As will be explicitly shown in 
the next section, when dimensional regularization is used both for the ultraviolet and the 
infrared divergences, all the radiative corrections at order a s are zero since the ultraviolet 
divergences cancel the infrared divergences. Therefore there is no finite contribution in 
matching, and the Wilson coefficient remains as 1. The SCET Lagrangian, at least to first 
order in a s , can be written as 

Cscm = JC + 0£>+OV>. (17) 

If the radiative corrections remain zero at higher orders, the Wilson coefficient is equal to 1 
to all order in a s . An argument to the non-renormalization to all orders was presented in 
the first reference of jjj, and in Ref. including the quark mass. 

The scaling behavior of the quark mass can be considered by extracting the ultraviolet 
divergent part in the radiative corrections of the operators O^ 2 ^ since these operators involve 
the quark mass. It can be obtained by computing the radiative corrections for the quark 
mass with the wavefunction renormalization of the spinor £ n . Physically, the scaling behavior 
of the quark mass should be the same as that in the full theory since there are no degrees of 
freedom integrated out, which contribute to the evolution of the quark mass of order A. For 
example, the self energy for £ n is the same as that for the spinor ip in the full theory. This 
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is in contrast to HQET, where the magnetic operator has a nontrivial Wilson coefficient 
because the hard calculation of the full theory has a dependence on the heavy quark mass. 
All these aspects will be verified explicitly to order a s in the next section. 



III. MATCHING AND RENORMALIZATION OF THE MASS OPERATORS 



The matching between full QCD and SCET can be performed by considering the quark 
propagator. The quark propagator in the full theory can be written to all orders in a s as 

(18) 



j> — m p 1 — m — J2($, m ) ' 

where J2(ft, m ) is the self energy of the quark, and the higher-order corrections of the full 
QCD Lagrangian can be obtained by replacing the Lagrangian in momentum space as 

tp (J> — m) ip — > i[) jjfl — m — y"X]4, m) ip. (19) 

When we match SCETi onto the full theory at the scale /i ~ Q where Q is the large 
momentum of the collinear quark, the self energy can be written as 

Y,{t>, rn) = A(p 2 , M + B(p 2 , /i)m, (20) 

where the virtuality of the collinear quark p 2 is treated as /i 2 3> p 2 3> m 2 . At first order in 
a s , the coefficients are given as 

^ 2 -") = -^(J +1 "^ + 1 ). 

^• ri = ^(7 + 41n ^ + 6 )- (21 » 

where D = 4 — 2e and 1/e represents the ultraviolet divergence and the infrared divergences 
are regulated by the logarithmic terms. This method is useful in extracting the ultraviolet 
divergences. For example, the counterterms for the wavefunction renormalization and 
the mass renormalization Z m are given by 

a s C F 1 a s C F 3 

Z V - 1 a ' Z rn - J- • \M) 

An e Air e 



A more convenient method is to use pure dimensional regularization with all the external 
particles on their mass shell. This greatly simplifies the computation both in the full theory 
and in the effective theory. In both theories the on-shell graphs have no finite parts since 
there are scaleless integrals, which vanish in pure dimensional regularization. Furthermore 
the matching results are gauge independent and renormalization-scheme independent only 
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when we put the external particles on their mass shell. Eq. (|21|) can be written in pure 
dimensional regularization as 

A(ji) = -^C- - -1), Bfr) = - ±\ (23) 

where the infrared poles in em can be explicitly computed or can be inferred from the 
ultraviolet divergence with the fact that the radiative corrections are zero. 

At one loop after the ultraviolet divergence is removed, the radiative correction of the 
full QCD Lagrangian is given by 



To match this result onto SCETi, we convert j) to i'p and apply Eqs. (jEJ), (fT^jl . and to 
Eq. (j24j) . Then we obtain 

a s Cp 1 



tfj j> — m — 06, m) — > (1 )/C 



.(lS^^JoP) + (i_£^2.)o£), (25) 

47T £n?/ v 47T £tr/ 



where the operators /C, Off, and are defined in Eqs. (jHj) and (JT3J), and we use the 
on-shell renormalization scheme in which the infrared divergences are regulated by the poles 
in em,. 

In order to examine if the effective theory reproduces the infrared divergences of the full 
theory and to extract the Wilson coefficients of Off and Off , we need to calculate the 
one-loop corrections of Off and Off in SCETr- For the strange collinear quark (in the case 
of up or down quarks the mass operators are more suppressed), both mass operators are 
subleading because the operators start at order A or A 2 since they are given as 

Off = ml ntpl [ipt, Wiw*] \U V + ■■■ = 0(A) + ■■■, 
Off = -m 2 L, P 'W}=W^ n , p + ■■■ = G(A 2 ) + ■ • • . (26) 
Here V = n ■ V and W is the collinear Wilson line, 

W(x) = [ £ ex P (-<?in • A n , q (x))]. (27) 



perms 



Since the subleading terms in the right side of Eq. (|2l)Jl are connected to the leading terms 
by the reparameterization invariance and the gauge symmetries, it is sufficient to consider 
the loop corrections of the leading operators which we will denote as Off and Off. 

First let us consider the one loop corrections of Off. The relevant interaction vertices 
and their Feynman rules are shown in Fig. ^ The Feynman diagrams for the radiative 
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= igT a n» _ m l I 
n ■ pn ■ p * 



li, a 



\n ■ p n-p ' 1 n ■ pn ■ p * 




igT a T b m 



1 



= _ (£ -^)n"n" 

n • (P + 92) V n ■ p' 71 ' P J n- pn - p'n ■ (p + q 2 ) 



— U V ^ — V 



H «-» u, a <-> b, qi «-» 52 



FIG. 1: Feynman rules for the operators Om and 0\ n with one or two collinear gluons. 

corrections at one loop are shown in Fig. 121 The radiative corrections for Off with collinear 
gluons will be the same as those in Fig. [2] due to the gauge invariance. If we put the external 
particle off the mass shell, the radiative corrections in Fig. El are given as 

b c 4vr n-;p2 V £ ^ / v v ' ' 

» ,f2i o> s Cf m 2 i / 2 1 „ 7r 2 \. 9 . _ 

Mr' = s — - M — + - + 3 )(-p) ■ 28 

d 4vr n-p2 V e 2 e 6 ' v ^ 7 v ; 

Adding all these, we obtain 




FIG. 2: Feynman diagrams for the radiative corrections to Ofn at one loop. 
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This result will be used in computing the jet function for B — > X s ^ at order a s . [See Fig. 6 
(a), (b) and (c).] In pure dimensional regularization, all these diagrams vanish since the 
integrals are dimensionless. However, it is transparent to write the result in pure dimensional 
regularization from Eq. (ffilj) as 

Mf + + M< 2 > + Mf = ^LZUll(l _ 1_\ (go) 
a " c a An n-p2^e e m J 

since the ultraviolet divergent piece is known. 

For the one- loop corrections of the operator 0$, which has at least one collinear gluon, 
it is convenient to use the background gauge field method [2^. Since the product of g and 
the background field A n is not renormalized in the background field gauge, the number 
of Feynman diagrams to compute is fairly reduced, and they are shown in Fig. El The 
computation of the diagrams is straightforward using the on-shell dimensional regularization 
scheme with the external quark momenta p 2 = p' 2 = 0. The results without and with a triple 
gluon vertex are given by 



+ M fe (1) + M c (1) + M§ ] + M e (1) + Mf ] + 




FIG. 3: Feynman diagrams for one-loop corrections to Om in the background field gauge. 
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+ ik/f } + Mj 1} 
a s NA 1 x - 



i 



n • p n ■ p 



n- pn- p 



(32) 



where represents the ith diagram in Fig. El and N is the number of colors. Summing 
these two results with Cp = (N 2 — l)/(2iV), the radiative correction of the operator Off at 
one loop is given as 



a s C F( A 4 \ - 



1 



n ■ p n ■ p 



n • pn- p 



■n ■ A r . 



4tt £ir' 



(33) 



From Eqs. (J3UJ) and ((33J), we can see that the radiative corrections of the operators Off 
and Off in SCETj reproduce the infrared divergences in the full theory. And since the 
radiative corrections are the same in both theories, the Wilson coefficients of both operators 
are 1 with no contribution at one loop. We can also extract the counterterm for the quark 
mass in SCETi. The counterterm for the wavefunction renormalization of a collinear 
quark is given by 

Z« = l-^|, (34, 

which is the same as the counterterm in the full theory for the quark field. Therefore we 
obtain the counterterm for the quark mass from Off and Off as 



^SCETi 



oi s Cf 3 

17? 



(35) 



which is the same as the full theory mass renormalization to first order in a s . This is to 
be expected since we do not integrate out any degrees of freedom relevant to the collinear 
quark mass from the matching. In summary, it has been shown that the counterterms for 
the wavefunction and the quark mass are the same as those in the full theory, and there are 
no contributions to the coefficients of the operators at one loop; that is, the operators are 
not renormalized to order a s . 

The matching between SCETi and SCETn is trivial because there is no hard-collinear 
degrees of freedom {p 2 hc ~ QA) to be integrated out in the SCET: Lagrangian. Note that the 
situation is different for heavy-to-light currents with the spectator interactions in B decays 
and for soft-collinear currents 0, E3| , in which there arise nontrivial Wilson coefficients (or 
jet functions) from the matching between SCET T and SCETn- A more concrete analysis on 
the hard-collinear modes is discussed in Refs. |25j, 28]. However the operators Off and Off 
in SCETn remain as they are in SCETi since the collinear momentum p 2 c = m 2 is still very 
small compared to matching scale /i ~ y/QA. Therefore in SCETn, the mass operators are 
regarded as the leading operators for the strange collinear quark, and the operators have 
the same Wilson coefficients and the same renormalization behavior as in SCETi with the 
same mass renormalization given by Eq. (|35|) . 
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IV. QUARK MASS CORRECTIONS TO B — > X sl DECAYS 



Inclusive B decays based on HQET |29j have been widely studied to extract Cabibbo- 
Kobayashi-Maskawa (CKM) matrix elements and to search for possible new physics. When 
an emitted photon is energetic in the region of the phase space with y\ ~ to^A, SCET 
along with HQET is applicable and has been successfully applied (HQ. In this case, the 
differential decay rate can be given by a factorized form as 

' oc H J <g> /, (36) 



where ® means the appropriate convolution. Here H is a hard factor obtained from the 
matching between the full theory and SCETi, J is a jet function obtained by integrating out 
hard-collinear objects, and / represents the shape function of a B meson, which consists of 
only soft interactions and is purely nonperturbative. 

Recently the corrections of order A/m b to B — > JQy and B — > X u lV decays in the 



endpoint region have been investigated using SCET |30L 1311 . I32l ]. Here the factorization 
formula Eq. (jSHj) still holds, and the subleading shape functions are studied to clarify the 
uncertainty from the theoretical analysis. When the effect of the strange quark mass of order 
A is included in B — > X s 7 or B — > XJl, the mass corrections can also give a nonnegligible 
contribution of order A/m b . In this section we focus on this fact and analyze the mass 
corrections to the decay B — > X s ^ in the endpoint region. The result is also applicable to 
the B — > XJl, but it is not considered here. 

The effective weak Hamiltonian for B — > X s ^ is given by [3 

n eS = -^v tb v t * s j: cj ull (/i)g,(/i), (37) 

V 2 i=l 

where the main contribution comes from the operator 

Qi = ^sa^F^(m b P R + m s P L )b. (38) 

Here Pr,l = (1 ±7s)/2 and F^ v is the electromagnetic field strength tensor. We choose the 
frame in which the photon momentum is in the n M direction, = n ■ qW 1 /2 = E^n^, 
where the photon energy E 1 near the endpoint satisfies mg- 2E^ < A. The strange quark 
can be taken as a collinear quark in the n M direction in the rest frame of a B meson. 

Let us define the forward scattering amplitude as 

T,u = ^(B\f^\B), (39) 

where T^ v is given by 

Tfi V = -ij d 4 ze-^ z T[Jl(z).UO)} (40) 
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with the current 

Tfl 

J" = i sa^Pnb + — i m^q u P L b. (41) 



The inclusive photon energy spectrum can be written as 

= (42) 



where 



r = ^^«|^:| 2 |crK)| 2 . (43) 



G 2 F m 3 B ml 
~32tH 

The forward scattering amplitude T^E^) in SCET near the endpoint region is given by 
the factorized form in Eq. (pffij) and the power counting can be performed systematically. 
The hard part can be computed from the matching between the full theory and SCETi, and 
the he avy-to -light current can be expanded in terms of the currents in SCETi in powers of 
A ~ yj 1 K/m b . Then the time-ordered product of the effective currents can be expressed as 
a convolution of the jet function and the shape function of the B meson by matching onto 
SCETn- As a result, the forward scattering amplitude is given by the convolution of the 
hard part, the jet function, and the shape functions. 

We investigate the strange quark mass corrections to the inclusive decay rate to first 
order in A/mb and a s . We show that these corrections can also be written in a factorized 
form and the mass corrections reside only in the jet functions. This mass correction should 
be included in the subleading contribution along with other subleading corrections from the 
shape function to order A/mb, which was extensively discussed in Refs. 



A. Matching a heavy-to-light current with a quark mass 



Let us consider matching the heavy-to-light tensor current J^ v = sa^ u (l + 75)6 at [A ~ 
nib ~ n-p where n-p is the large momentum component of the collinear strange quark. The 
full-theory current can be matched onto the currents in SCETi, in which the hard degrees 
of freedom such as m b and the large off-shellness Ph ard ~ ~ m b n ■ p are integrated out. 
By choosing the heavy quark velocity as v j_ = 0, n ■ v = n ■ v = 1, the heavy-to-light current 
can be expanded in SCETi as 

i i 

+ W dwM^j^M + E / duAMi^^) + ■■■ }> ( 44 ) 

i i 

where the superscripts k (k = 0,1,2) denote the order in A, and another superscript m 

indicates the operators with the strange quark mass. The currents are of the same 
(2) 

order as j^l as long as the mass is regarded as m ~ A. From now on, we suppress the 
exponential factors with the understanding that the label momenta are conserved. Since 
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we focus on the mass corrections of the heavy-to-light currents and their relations to the 
leading or the subleading currents in A, we will not consider the currents j\J v any more. The 
detailed analysis on these currents can be found in Ref. 3cl ]. 



At tree level, the current operator in the full theory can be expressed in terms of the 
currents in SCETi as 



J, 



fJ,V 



J, 



fill 



S<J^(1 + 75)6 

l n Wa^{l + lh )h v + e n |ijjw=r-^:<v(l + 75)^ 
,-(°) + + + 

Jlfiv > Jlfiv ' J2jj,u ' Jlfii/ ) 



m 



s<V(l - 75)6 



in 



in°liv{ 1 -l5)K =j££, 



where £ n is a collinear strange quark field and h v is a heavy quark field. 



(45) 
(46) 



At order a s , we employ the modified minimal subtraction (MS) scheme using on-shell 
dimensional regularization. In the full theory, the matrix element of the tensor current J^ v 
at one loop is given as 



(■V) 



(1) 



a s C F 
An 



1 2 2 n -p , . it 
h - In — - - 4 In — 

£ e jj, mi, 



li 2(1 - 2x) 



1 — x 



\nx 



ft ' T) 7T 1 

_ 2 In 2 — ^ - — - 2L* 2 (1 - x) - 4] (s<v(l + 75)6) 



+ 
+ 



1 — X 



\nx — (is^pu - 7^p M )(l - 75)6) 

2.1 , n ■ » m , 
_(__21n— ^ + 2) — <«v I-75 6) 

X e jJ J 771& 

4,1 



n • p 



-(- -2 In 

X € [I 

2m 



+ 2- 



x 



lax) 



xmt 



1 — x 



77? 



— 2 («s(7/*P6i/ - 7i/*V)(l + 75)6) 



(47) 



where x = n ■ p/m^, and all the poles in 1/e represent the IR divergences. Here we use the 
equations of motion fob = m b b and = ms putting each quark on shell with p\ = m 2 , 
p 2 = m 2 — > 0, keeping the terms to first order in the strange quark mass m. For J^ v the 
matrix element at one loop is given by 



(^> (1) 



47T 



1 



-— h-ln 

e 2 e e 



2 n ■ p 



H 2(1 -2x) 



- 4 In — + 

/i mfe 1 — x 



In a; 



In 2 VL± - * - 2Li 2 (l -x)- 4l — <s<v(l - 75)6) 



+ 



\i 12 
4m In a; 



m b 



m\ 



7-^— (isfrpPv - 7*4V)(1 + 7s)&)}- 

J. 37 



(48) 
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Now we expand the current operators in Eq. in powers of A using the momentum 
decomposition p M = n ■ pn fl /2 + pj_ + n ■ pn tJ- /2. These operators can be written in terms of 
the gauge-invariant effective currents as 

5<V(1 + 7s)fr — > C^Wa^l + lh )h v + B^U^W^^a^l + l5 )h v 

+B 2 -^-f n <V(l + 75)^^^, + AiTn^l^^o^l + 75)^ + ■ • • 

= + Su'Ji + 5 2 j« + A 1 j$ + • • • , 

2 - 

is{lvPv ~ 7i/Pm)(1 - 75)& — ► C 2 i^W r (7 M n I , - 7„n /1 )(l - 75)^ 

_ jt < — 1 
2 n-Pt 



+A 2 im£ n -W ^ ^ {l^n u - 7 i ,n At )(l - ^)h v + 



= C 2 j£l + B^ v + 2^$, + A 2 j$ + ■ • • , (49) 

77?- — 777, ~ / \ 

— s<v(l - 75 )& — > (4» + 40— £„W<v(l - 75)/i« + • • • = (A 3 + A 3 )i™> + ■■■, 
—i~s(lnVbv - lvPb»)(l + l5)b — ► Ai — ii n W{^^v v - 7„v M )(l + j 5 )h v = Mj^l H , 

771^ 771), 
2tTI ~ TTZ 

2« 5 (7mPv - 7^m)(1 + 7s)& — ► (4 + As) — if n W(7 M n„ - 7*»fy)(l + 75)^ 

where we keep the effective currents to 0(X 2 ). Here we use the fact that 

J,u = ^*V(1 - 7s)& — A 3 j$ + A 5 (50) 



(As + As)j$ + 



All the Wilson coefficients at tree level are except 

C 1 = B 1 =A 1 = B 2 = A 3 = 1. (51) 

Due to the reparameterization invariance, some of the Wilson coefficients at subleading order 
are related to the leading coefficients. They are given by 

d = B x = A 1} C 2 = B 3 = 2B A = A 2 (52) 

to all orders in a s since those subleading operators with the corresponding Wilson coeffi- 
cients are obtained by expanding the collinear field in a reparameterization-invariant way. 
However the subleading operator with B 2 is an independent operator. This operator can be 
obtained when we consider the heavy-to-light current in which a collinear gluon is emitted 
from the heavy quark and we integrate out the intermediate-state heavy particle. Therefore 
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FIG. 4: Feynman diagrams for the mass correction to the heavy-to- light current with j\ m ^ (i 
1,2, •••,5) and O® . 



the coefficient B 2 is not related to other Wilson coefficients and should be computed inde- 
pendently. The radiative correction for the operator with B 2 was considered at one loop in 
Refs. 00. And A 3 and A 5 come from the operator proportional to m s = m in Q7, while 
A 3 and A 5 come from the subleading contribution of the leading operator in Q7 at higher 
orders in a s . 

In order to match the full theory onto SCETi, we compute the radiative corrections in 
SCETV The relevant Feynman diagrams in SCETj at one loop are shown in Fig. 0] We 
have verified that the infrared divergences of the full theory in Eq. ()47|) are fully reproduced 
in the effective theory from the explicit calculations of the diagrams with the self energy of 
the external quarks, and they cancel out in matching. In computing the Wilson coefficients, 
the point is that all the radiative corrections in the effective theory are simply zero when 
the on-shell dimensional regularization scheme is employed, and the Wilson coefficients can 
be easily obtained. 

The difference of the residues in the wave function renormalization between the full theory 
and the effective theory for the heavy quark at one loop is given by 



R 



(i) 



47T 



( 3hl ii + 2 



(53) 



and we find the Wilson coefficients C{ for jf^ u , B, L for jj^, and A4, A{ for j^j as 



C 1 = B 1 = A 1 = 1 + 



47T 



-6-71nA + 2 ( 1 - 2 ^) l nx - 2 \n* n - p 



m b 



1 — x 



7T 



2Li 2 (l-x) 



C2 = B 3 = 2B A = A 2 
A 3 



(r 



a s Cp 1 2x 

Air 

a s C F 

47T 



In a; 



x 



4 , n ■ p 4 
— In — - + - 



x 



X 



17 



4:71 ^X /! X 1 — X ' 47T 

i 3 = 1 + ^[-6 - 71n JL + 2(1 ~ 2X) lux - 21n 2 ^ 
- 2Li 2 (l-x)-- 



a s C F ( 2x \ 

—(— x lnx )- (54) 

The Wilson coefficients Ci(/i) and C 2 {^) are basically identical to those obtained in Ref. 
although the operator basis is different. The Wilson coefficients A iy Ai and Bi except B 2 
are new and first calculated here. 

Note that all the operators in the basis {ff, • • •, are not independent. Because 
| = f — | in the I? meson rest frame with the choice of Vj_ = 0, the operator can be 
written as 

= mljV^^a^l - j 5 )h v - 2mi^ n W('j fl v v - 7^)=-^pf0>(l + 75)/^ (55) 

Therefore the number of the independent operators in the basis is four. But it is useful to 
use this basis because the reparameterization invariance is shown transparently, as shown 
in Eq. flUJ). 



B. Jet functions and factorization in SCETn 



Let us consider the contribution of the quark mass to the forward scattering amplitude 
T 11V {E 1 ). The current J M in Eq. (j41)l can be written in the effective theory as 

= iE^-^fc J dwCi{u))${u)) + E / <kjBi(u>)$(u,) (56) 

i i 

i 

where = % 4£,H, (j = 0, l,m). Here we express as 

$M = LW5(u - n ■ V^)T?h V} (57) 

with a delta function. In general, the operators j$ v {<jS) need additional parameters lo' at 
higher orders in a s since it consists of at least three external particles including a collinear 
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gluon, but it is not necessary at one loop since it is sufficient to consider the tree-level Wilson 
coefficients of j^l^oS). 



The forward scattering amplitude T^E^) can be written as 

E 2 

Tfiv\E^ — — (B v \T^ IU | B v } , 
with the normalization of the B meson states in HQET. T^ u is given by 



T.U = -i E J dtudtu'Cir^Crn J d'ze--T[j^(u J ',z),£\u J ,0) 



(58) 



(59) 



where C\ k ' (k = 0, 1, m, ■ ■ ■) are the Wilson coefficients Cj, B h A i7 and A± in Eq. (j3HJ). The 
momentum r in the exponential factor is defined as 



_|_ _ Xfl^V^ . 



(60) 



Since the photon momentum is given by = n ■ qn^/2, the label momentum of the 
collinear strange quark is fixed as 



n ■ p = m b , p^_ = 
jiving n ■ r = r±_ = 0. n ■ r can be written as 

n ■ r = n ■ q — m b = tub — n ■ px — mb, 



(61) 



(62) 



where px is a momentum of the jet X and we use the momentum conservation itlbv^ = 
+ Px- Evidently n ■ r is of order A since the mass difference A = m# — mj and n ■ px are 
of order A. 

We can express Eq. (JoT?j) showing the dependence of the quark mass explicitly as 



+ J dudu'C^B^u) J dhd 4 xe-^T[j^\u\z) 1 tC^(x),£\u J ,0) 
+ J dtvtkSC i .{u; , )C i (L;){ J d A zd A xe- ir - z T[jfl\u', z), tCg\x), 0) 

+ J dWttfye^'T^ (63) 

where the second and fourth contributions in Eq. (jHSJ) start at order a s since C$ contains 
at least one collinear gluon. Note that all these terms are suppressed by A 2 compared to 
the leading contributions in SCETi. Only the third and fourth terms are nonzero due to 
the spin structure of the currents. The mass term flips the spin of the collinear quark, and 
therefore there must be even powers of m to conserve spin. 
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( a ) it 



(m)n) 




( b ) il 




{0)n 



FIG. 5: Tree-level Feynman diagrams for the leading mass corrections to B — ► X s ^y near the end- 
point region in SCETt. The mirror image of the diagram (a) should be included. The intermediate 
hard-collinear strange quark is integrated out at fi ~ \fm^~K to match onto SCETn- 



The tree-level Feynman diagrams for the mass corrections to B — > X s 7 in the endpoint 
region are shown in Fig. |S| Fig. |3] (a) is zero as explained above. Fig. El (b) yields 



M 



ik,fiu 



-i [ d'zd'y e- ir -*T\£ ) \z),i£%\y)ji° I !(0) 



.(0) 



The amplitude is given as 



(64) 



where the leading heavy-to-light currents jj® (k = 1, 2) are given by 

./,.,„ = ii n W^{\ - l5 )h v - l -l n Wn,(l + l5 )h v , 4? = il n Wlt( l - 7s)^- (65) 



(b) 



n ■ p 2 



(66) 



m 2 r dn ■ kdn ■ z 



-in-(r+k)n-z/2 



n ■ p J An 



Jp{n ■ k) 



T 



where the Dirac structure T\ k ' is given by 



rSU = 7^7^(1 - 75) - ^^(1 - 75) - + 75) + + 75), 



n 



12,^ = 7 M #7,, (1 - 7s) - y^7„ (1 - 7s), 



iM(i - 75) - + 75), rj» = 7^7^(1 - 75) 



(6) 



(67) 



In Eq. (jnni), the ultrasoft interactions were decoupled from the collinear field, and the resul- 
tant usoft Wilson line is given by 



Y ( x ) = [ J2 ex P(~^~p n ' A 



perms 



X 



(68) 



and n ■ V is of order A. In obtaining Eq. (|66|). we use the definition of the jet function 

d A k 



(0|T W^U^ n W |0> 



-ik-z 



2 J (2?r) z 



(69) 
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where P = n ■ p is the label momentum, and the jet function is a function of n • k only with 
Jp{k) = Jp{n ■ k). 

The matrix element of the remaining operators can be written as 

(B v \h v Y(^)Tf^h v (0)\B v ) 
= Jdn- le in - m - z,2 l^ v \h v YTfl^5{n -l-n- id)Y^h v (0)\B v ) 

= Jdn- le inmz lhv(^Tfl^) (B v \h v Y8{n -l-n- id)Y^h v {0)\B v ) 

= -2(<?i - «£,) / dn ■ le m - m - z ' 2 f^{n ■ I), (70) 

where P v = (1 + ^)/2 is the projection operator for the heavy quark, and is the leading 
shape function of the B meson, which is defined as 

/ (0) (n-0 = 1/^6-^(^1^(^)^(0)1^) 

= - (B v \h v Y6(n -l-n- id)Y^h v \B v ), (71) 

with eh, = e AtJ y Q/ gn a n /3 /2. Note that the final result of Eq. (f7UJ) is independent of Tff} since 
only the first term in each Dirac structure in Eq. (J67j) contributes. 

The forward scattering amplitude with the mass correction at tree level can be written 

as 

Tfr\u>) = -H{u,m b ^ Q )E 2 {g^-ie^) J dn-kJ^\n-k)f^{n-k-m b {l- Xl )) (72) 
= -H(uj,m b ,fx )E 2 (g^ u -ie^ u ) J dn ■ lf {0) (n ■ I) J { ™\m b {l - ac 7 ) + n ■ I, // , //), 

where /io is a typical scale where SCETi can be matched onto SCETn, and uj is fixed as n-p 
by the delta function in Eq. ([57)1 . Here we use the relation n-l = n-k + n-r = n-k + A — n-px- 
j(™)(n- k) is the jet function obtained from the matching between SCETi and SCETn, with 
the tree-level result given by 

#(»-*)k^(i(»-t)) 2 ^p^. (73) 

The hard factor H(uj,m b , fio) is obtained by matching the heavy-to-light currents between 
the full theory and SCETj and is evolved to the scale fi ~ /i . At u = m b , it is given by 

H(u,m b ,[i = m b ) = \Ci(uj,m b ) + C 2 (uj, m b )\ 2 . (74) 

Since the invariant mass of the jet is given by p\ > 0, the range of the residual momentum 
n ■ k is < n ■ k < n ■ px- Also the residual momentum of the heavy quark n ■ I is smaller 
than the B meson residual mass A = mg — m b . 
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To proceed further, there are two possible types of formulations. One, based on the 
second expression in Eq. (|72|) . is useful in the moment analysis and will be illustrated in the 
next subsection. Here, we begin with the first expression in Eq. (|72j) . in which we write n ■ I 
as 

n . I = A - (1 - z )n -p x , (75) 

where z is given by 

n ■ k = zn ■ px, < z < 1. (76) 

Then can be written as 

T iw } = ~ E ^(9iu- ie iu)H(n-px,m b ,fi )n-px (77) 

x J dz jff x (zn-px,fio,l^) / (0) ( A - (1 - z ) n -Px,/J) 

f 1 — 

= -Ej(g^-ie^)H(n-p x ,m b ,fi ) dz J m (z,p 2 x , //) / (0) (A - (1 - z)n ■ p x , fi), 

where we use the relation u = n -p = n -p x at leading order. The dimensionless jet function 
J m is given as 

J m (z,p 2 x ,fi) = n-px J^ x {zn-px,fM),fi), 
J^>(,,A,,) = f x (78) 

where is the jet function at tree level. When we take a discontinuity of the forward 
scattering amplitude, the imaginary part entirely comes from the jet function, which is given 
by 

Im ( \& ) = f x i < 79 ' 

As shown in Eq. (|77j). the forward scattering amplitude can be expressed as a convolution 
of the jet function and the shape function; that is, it is given by the factorized form with the 
hard factor, the jet function with the mass correction, and the leading-order shape function. 
Note that the effect of the quark mass, even at higher orders in m 2 /p x , resides only in the jet 
functions as it should, and it does not affect the 5-meson shape function. In order to obtain 
the full subleading contributions to the decay rate, we should include the mass correction 
in the jet functions, the contribution of the subleading I?-meson shape functions induced 
by the high- dimensional heavy-quark bilinears, which can be studied in the framework of 
HQET, and the effects of the subleading heavy-to-light currents in taking the time-ordered 
products. 

As can be seen in Eqs. ()78j) and (fTHJ) . the subleading jet function from the mass correction 
is suppressed by m 2 /p x or m 2 / (m&A) compared to the leading jet function. This contribution 
is of order A/mb if we treat the strange quark mass to be of order A. This is one of the 
examples in which the subleading terms are formally suppressed by A 2 /ml, but they are 
actually suppressed by A/m h near the endpoint. 
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FIG. 6: Feynman diagrams for the jet function at one loop. The mirror diagrams of (b), (d), (e), 
and (f) are omitted. The Sudakov double logarithms are produced only in the diagram (d). 



We can expand the jet functions in powers of m 2 jp\ and a s . The jet function at first 
order in m 2 jp\ and in a s can be computed, with the relevant Feynman diagrams shown in 
Fig. |H1 The contributions of Fig. El (a), (b), (c) are obtained from Eq. ()29|). and Fig. El (d), 
(e), (f) with their hermitian conjugates are given as 
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Therefore the jet function at order a s is given as 



-Px) 



jV(z,p 2 x ,n) 



a s C F m 2 



An p\ (z + ie) 2 



2(ln§ + l„(- 



li 



-13 (in + ln(-z - ie)) + 15 



■z — it 



n~ 



The discontinuity of the jet function to order a s is given by 



Im (-Jrr 



n 



p\ dz 
+ (4 In 



,2PX 



Px 



Px_ 

V 2 



-9 



21n^-91n^ + 10-vr 2 U( 2 ) 
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(80) 



(81) 



(82) 
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C. Moment analysis of the mass correction 



In the endpoint region x 7 — > 1 (x 7 = 2E y /m b ), it is useful to consider the moments of 
the differential decay rate and take the large N limit. In the limit 1 — x 7 ~ 1/N ~ A/m b , 
the moments of the mass correction to the differential decay rate can be studied. In doing 
the moment analysis, it is convenient to employ the second expression for TW in Eq. l|73jl. 
Consider the quantity 

S= f dn-lf i0 \n-l)4 m \m b {l-x^ + n-l,fi ,fi), (83) 



with the momentum of the strange quark = m b n^ /2 + + m b (l — x 7 )n M /2. The jet 
function has support for —m b {l — x 7 ) < n • I < A, and if we let n ■ I — —(1 — y)m b Eq. (|8*3*Jl 
can be written as 

rm B /m b 

S = m b dyf®(-m b (l - y))J%\y,z 7 ), (84) 



m 5 

2 



where the jet function proportional to m to order a s is given by 

4 m) M = -^r, — 1 —~Y2 ( 85 ) 

um(y 2 (1 — 2 7 + it) 1 



TV 2 



+ a s C F , -um b y(l - z 7 ) _ l3 ^ -a;m h y(l - z 7 ) + ^ _ _ 

47T ^ /i 2 /i 2 3 

where z 7 = a; 7 /y. Taking the imaginary part, we obtain 



1 , , x m 



7T ' m%y' 
ol s Cf 



d 



+ 



47T 



4/T \ fl 2 /i 2 

(41n^-9)A 1 +4 d An(l-^ ) 1| 

v /i 2 ' dz^ (1 — z 7 ) + a^ 7 v 1 — 2 7 • / + JJ 



- A^ M (%)' (86) 

where we neglect \ny terms near the endpoint y — > 1, and J7" ( dimensionless 
function suppressed by m 2 /m 2 . 

Finally the mass correction to the differential decay rate can be written as 

1 dT (m) ~ o r 1 dy-(o), _( m )/x 7 \ 

p 3 — =H{m b ,n )x 3 r -^r\y,ij)T ; (^,/i Q ,//), (87) 
i o ux 7 Jx~f y K y ' 

where f^°\y, //) = f^(—(l—y)m b , /i)/m b , and the difference between m fe andm B is neglected 
because it is subleading. The moments of the mass correction to the differential decay rate 
are given by 

/•l N—X 1 drM fW x f 1 . N+2 f 1 d y-f(0), ,-Tfira) 

\ dx 7 x - — = H(m b ,no) / dx^x ^ / — / {y,fj.)J (— ,/x ,/x) 

= H(m b ,» ) t dyy N+l l { °\y) C dz,z" +2 J M '(z 7 ). 
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Therefore the moment of the differential decay rate is given by the product of the moments 
of the shape function and the moments of the jet function. The moments to order a s 
are given by 



J n 



_^ (JV _!)[! + ^( 21n ^ + {iHN _ 2 - 9) 
m% L 47r v ft 2 



i, 
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In ^ 

/i 2 



+4 V -4- - 9H N _ 2 + 10 - tt : 
i=i ^ 



(89) 



where lny is neglected in the limit y — > 1, and ifj = 5Zi=i m ^ ne l ar S e limit, this 
becomes 



\ 771 AT 
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(90) 



where N = Ne< E . 



For comparison, the leading result without the quark mass term can be written in the 
same way as Eq. (fT2j) with the jet function replaced by 
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}0(2 7 )0(1 - z 7 ) 

(92) 



where we again neglect Iny terms near the endpoint y — > 1. This is consistent with the 
result in Ref. [3c| . 



The leading differential decay rate is given by 
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with moments 
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(93) 



(— ) 3 r /mb dyy N ^J {0 \y,y) f dz,z^J {0) [z^^n). (94) 
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The moments of the differential decay rate is factorized into a product of the moments of 
the jet function and the moments of the shape function of the B meson. The moments of 
the leading-order jet function become 







1 + 



F 



Air 



m 2 m 2 N ~ 1 H 

2 l n ^ _ (4^ + 3) In ^ + 3H N ^ + A £ th. + 7 



tt 2 



— l + ^(21n 2 ^L-31n^L + 7-^). (95) 

In Eq. (JHEJ)) the typical matching scale /xo between SCETi and SCETn can be considered 
as m^/v^/V and the hard coefficients H evolves from the scale /i = nib to m^/v^/V. The 
jet function, determined at the scale /i = nib/VN, scales down to the arbitrary scale /i < 
mb/VN. Since the product of f^(fi) and y7™\[io, /•*) is independent of the renormalization 
scale /i, the renormalization behavior of J~ ™\fj,o, fx) is easily determined from the scaling of 
/jv'Ca*), which is given as 

m^TSV) = TS'm, (96) 

where 7^ is the anomalous dimension of the shape function. For large N and at order a s , 
it is given by 

™w = -^(i+^). <m 



Finally, since the hard part and the shape function in the leading mass correction of the 
moments of B — > X s ^ are the same as those of the leading-order moments [lj], we find the 
resummation for the moments of the leading mass correction at the scale \i = rrib/N to order 
a, can be written as 



1 x _, 1 dT^ ( m b ^ _ ( m b ^( a s {m b /^N)\ C ^ fe) ( AT m 2 (m b /V N)" 



x, 



rJH\ = t (0 V— ^ Usl '"' ,/VJV -' _/v 

7 r_ An. \M J Jn \n)\ n _(<mA ™ 2 



r cfe 7 ^ N - 1 ^ N ' \ a s (m b ) J \ ml J 

x / a s (m b /N) \ fl o V ^ ; 

This result represents that the leading mass corrections are of order (m 2 /ml)N\n k N in the 
large N limit, and they are resummed in moment space. Compared with the leading-order 
moments, the leading mass correction is always suppressed by Nm 2 /ml ~ A/m&. 

A note is in order for Eq. (|98|). in which the quark mass m is evaluated at m^/v^/V instead 
of rrib/N '. This means that the strange quark mass is frozen at \i = nib/ y/N, and the scaling 
behavior below that scale to nib/N resides in the jet function. This is motivated by the 
fact that the effects of the quark mass reside only in the jet function and it looks more 
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transparent to consider the scaling behavior of the jet function as a whole including the 
quark mass. As can be seen in Fig. |U] (a)-(c), the radiative correction for the quark mass is 
included in computing the jet function. Another equivalent way of expressing Eq. (J98|) is to 
separate the effects of the quark mass from the remainder of the jet function and to scale 
each of them. Then the result can be expressed with m 2 evaluated at m&/iV. These two 
methods are equivalent, and the latter method may be useful in considering the effects of 
the quark mass in exclusive B decays. 

From this analysis we find that the quark mass effect to the leading decay rate is of order 
Nm 2 /ml ~ m 2 jm\{ \ — x 7 ) ~ m Irrihh near the endpoint region 1 — x 7 ~ A /nib. The size of 
the subleading corrections in Ref. |30| is of order A/ nib. The quark mass corrections and the 
subleading corrections are of the same order if we regard the strange quark mass as of order 
m ~ A. However, the strange quark mass is numerically about 80-130 MeV. Taking A ~ 
500 MeV, the quark mass correction is about 2-7% of other subleading corrections, and less 
than 1% compared to the leading decay rate. Therefore the mass effect can be regarded as 
small compared to other subleading corrections, but the important point is that the effect 
of the light quark mass can be systematically implemented in the theoretical framework of 
SCET, and as experimental uncertainties become smaller, this effect should also be included. 



V. CONCLUSION 



We have considered the contribution of a quark mass of order A in SCET and its appli- 
cation to B — > Xsj in the endpoint region. The quark mass can be included in the SCET 
Lagrangian systematically by integrating out hard degrees of freedom. We can find an ex- 
tended reparameterization invariance including the quark mass, in which we modify only 
the reparameterization transformation of the spinor for the transformation of type-II. As a 
result, the SCET Lagrangian can be separated into two reparameterization- invariant combi- 
nations. The subleading operators in each combination are related to the leading operators 
in that combination by the reparameterization invariance, and they have the same Wilson 
coefficients as those of the leading operators. In particular, we find that the mass operators 
in the SCET Lagrangian have trivial Wilson coefficients and are not renormalized. These 
results are explicitly confirmed by the calculation of the corrections to the mass operators in 
SCET to one loop. The extended reparameterization invariance also constrains some of the 
Wilson coefficients for the heavy-to-light current operators with the quark mass. It plays 
an important role in the matching process of the subleading heavy-to-light currents and the 
higher-order calculations of the time-ordered products of the mass operators. 

When we consider B — > A s 7 in the endpoint region, treating the strange quark mass to 
be of order A, the subleading contribution is of order K/nib- We have verified this by match- 
ing the heavy-to-light current onto SCETj with the mass operators. Many of the currents 
with the mass are related to the leading-order currents by the extended reparameterization 
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symmetry. There are also subleading operators which are independent of the leading cur- 
rent, and these are obtained at higher orders in a s . There are no contributions with odd 
powers of m to the decay rate because of spin conservation. The subleading contributions 
of order m 2 /p 2 x ~ A/m& come from the time-ordered products of the double spin-flipped 
currents with the leading heavy-to-light currents, and the double spin-flipped currents are 
obtained by the time-ordered products of the leading currents with the mass operators in 
the SCET Lagrangian. The mass correction to the forward scattering amplitude is given by 
the factorized form which is expressed as a convolution of the m 2 /p 2 x suppressed jet function 
and the leading shape function of the B meson. The jet functions which are obtained from 
the matching between SCETj and SCETn can be always expanded by m 2 /p x , and can be 
computed perturbatively in a s . 

In some B decays, the subleading effects can be important to extract the CKM matrix 
elements. We have shown that the strange quark mass corrections give nonnegligible contri- 
butions of order A/rrib in B — > X s 7, and it would be interesting to see if the mass corrections 
can give significant contribution to other B decays. The results in this paper can be a basis 
on how to explain the SU(3) flavor-symmetry breaking effects, as in B — > K*^ and B — > fry, 
in which the mass effects could be a leading result. 
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